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[Brenner	Computational	Biology	Research	Group][Ed	Green]					Pairwise	sequence	comparison	is	the	workhorse	method	of	computational	biology.		There	are	several	popular	programs	available	for	doing	pairwise	database	sequence	searches,	like	BLAST	and	FASTA.		We	would	like	to	understand	how	well	these	methods	perform	relative	to	one	another
and	in	an	absolute	sense.						Additionally,	we	would	like	to	know	how	best	to	use	these	methods	in	terms	of	user	defined	parameters	and	how	sensitive	each	method	is	to	parameter	choice	(like	gap	parameters	and	substitution	matrix).					In	order	to	assess	database	search	methods,	it	is	necessary	to	have	a	test	dataset	of	sequences	whose	relationships
are	known.		It	is	important	that	this	knowledge	be	derived	independently	of	the	methods	being	tested.		We	use	the	structurally	and	evolutionarily	derived	relationships	in	the	SCOP	database	for	this	purpose	(figure).		Specifically,	the	ASTRAL	database	provides	SCOP	sequences	filtered	at	various	levels	of	sequence	identity.		We	use	the	ASTRAL	genetic
domain	database	filtered	at	40%	identity	to	make	our	evaluations	specific	for	remote	homologs.		Sequences	that	are	classified	in	the	same	superfamily	are	related	both	structurally	and	evolutionarily.		Therefore,	our	tests	evaluate	a	given	method's	ability	to	find	the	relations	between	superfamily	members.					Analyzing	the	results	of	a	database	search
is	always	a	matter	of	finding	the	best	compromise	between	sensitivity	and	specificity.		A	given	database	search	will	likely	yield	a	handful	of	very	similar	sequences	that	are	homolgous	and	a	larger	handful	of	vaguely	similar	sequences	some	of	which	may	be	homologous.		Homology	(one	of	the	most	commonly	misused	words	in	biology)	means	sharing	a
common	ancestor.		Two	sequences	are	homologous	if	there	was	a	single	sequence	that	gave	rise	to	them	both	through	duplication	and	divergence.		If	there	is	enough	similarity	between	two	sequences	to	be	detected	through	pairwise	comparison,	it	is	usually	safe	to	infer	that	they	are	homologous.		Frustratingly,	there	are	many	sequences	with	little	or
no	detectable	similarity	that	really	are	homolgous.					A	good	search	method	will	find	as	many	of	the	true	homologs	as	possible	in	a	database	while	cleanly	separating	them	from	the	non-homologs.		It	will	additionally	be	coupled	to	a	good	statistical	scoring	method	that	accurately	reports	how	likely	it	is	that	any	given	match	arose	purely	by	chance	and
not	because	the	sequences	are	really	related.					In	order	to	assess	database	search	methods,	we	perform	a	database	vs	database	search	with	our	test	sequences,	derived	from	the	ASTRAL	database	(figure).		That	is,	we	take	each	sequence,	one	by	one,	and	use	it	as	a	query	sequence	to	search	the	database.		All	of	the	hits	from	all	of	these	searches	are
then	pooled	and	sorted	from	most	significant	to	least	significant.	Since	we	already	know	which	sequences	are	related,	we	can	then	go	through	this	list	and	see	how	many	the	method	being	evaluated	got	right.		Ideally,	there	would	be	a	clean	separation	between	the	true	homologs,	at	the	top	of	the	list,	and	non-homologs	at	the	bottom.		In	practice	this
never	happens.					This	data	can	be	rendered	in	a	Coverage	versus	Errors	per	Query	(CVE)	plot	(figure).	Coverage	refers	to	how	many	of	the	true	relations	in	the	database	were	found.		Erros	per	query	is	the	number	of	times	a	given	false	relationship	was	reported,	divided	by	the	number	of	sequences	in	a	database.		The	sorted	list	of	all	database	search
hits	is	traversed	and	at	each	significance	level,	a	point	on	the	CVE	plot	is	generated.		Looking	at	the	CVE	plot	in	the	figure,	you	can	see	that	as	the	coverage	increases	(as	you	find	more	homologs),	the	number	of	errors	increases.		This	is	what	is	meant	by	a	compromise	between	sensitivity	and	specificity.					CVE	results	from	any	two	database	search
methods	(or	parameter	sets,	or	scoring	schemes,	etc.)	can	be	compared	but	it	is	not	immediately	obvious	how	significant	any	performance	difference	may	be.		To	address	this	question,	we	use	a	technique	pioneered	by	Brad	Efron	known	as	bootstrapping	(figure).		Bootstrapping	is	a	method	for	estimating	the	distribution	from	which	a	given	statistic
derives,	even	when	you	can	not	resample	from	the	population	again.		That	is	exactly	the	problem	we	are	faced	with	here.		There	is	a	population	of	protein	sequences	out	in	nature	and	only	a	small	fraction	are	sampled	in	the	ASTRAL	database.		We	can't	easily	throw	out	the	ASTRAL	database	and	have	new	ones	generated.		If	we	could,	we	would	do	that
and	recalculate	CVE	statistics	for	each	one	and	then	see	its	distribution	directly.		Instead,	we	bootstrap	the	data	we	do	have.		That	is,	we	resample	it	by	making	new	databases	that	derive	from	the	original	database.		These	resampled	databases	have	the	same	number	of	sequences	as	the	original	database,	but	each	sequence	is	represented	a	random
number	of	times.					Another	consideration	in	these	analyses	is	that	of	the	representational	biases	within	our	test	set.		Since	our	test	sequences	derive	from	solved	structures,	this	problem	is	particularly	acute.		Only	sequences	that	are	amenable	to	structure	determination	and	deemed	interesting	research	subjects	have	their	structures	solved	and	make
their	way	to	the	ASTRAL	database.		The	ASTRAL	database,	filtered	at	40%	identity	has	a	few	very	large	superfamilies,	like	the	immunoglobulins,	and	very	many	smaller	superfamilies.		To	address	this	problem,	we	can	normalize	results	by	superfamily	size,	downweighting	those	that	are	in	larger	superfamilies.		We	employ	two	approaches	to	this.	
Linear	normalization	downweights	each	correctly	identified	relation	in	linear	proportion	to	its	superfamily	size.		In	this	way,	larger	superfamilies	still	contribute	more	to	the	overall	results,	but	less	than	in	unnormalized	results.		The	other	normalization	scheme,	quadratic	normalization,	weights	the	results	from	each	superfamily	equally,	regardless	of
its	size.							Great,	so	which	pairwise	method	is	the	best?		Well,	it	depends.		The	SSEARCH	program,	is	a	full	implementation	of	the	Smith-Waterman	local	alignment	algorithm.		It	is	guaranteed	to	find	the	optimal	alignment	under	a	given	scoring	scheme.		The	hueristic	methods,	like	BLAST,	run	faster,	but	miss	some	of	the	best	alignments.	Therefore,
they	do	not	perform	as	well	in	CVE	analysis.					The	figure	shows	a	CVE	plot	of	four	popular	pairwise	search	programs,	using	parameters	optimized	for	this	test	(see	the	"Bootstrapping	and	Normalization	for	Enhance	Pairwise	Sequence	Comparison"	manuscript	for	details).		As	you	can	see,	all	four	methods	fail	to	detect	the	majority	of	the	evolutionary
relationships	in	the	database.		This	is	what	is	meant	by	understanding	how	well	the	programs	perform	in	an	absolute	sense.		If	our	test	database	is	anything	like	the	real	sequence	databases	biologists	use	(like	GenBank),	this	means	that	when	one	does	a	database	search,	most	of	the	sequences	that	are	really	related	can't	be	detected.		So,	here's	a	good
take-home	message:		If	you	clone	and	sequence	a	new	gene,	BLAST	it	against	GenBank	and	fail	to	find	any	significant	hits,	do	not	write	in	your	paper	that	your	sequence	is	not	homologous	to	any	other	known	sequence.		It	very	well	may	be,	but	you	just	can't	detect	it.					Another	interesting	observation	is	that	for	all	four	methods,	if	we	normalize	the
results,	the	coverage	increases.		This	means	that	when	results	from	large	superfamilies	are	discounted,	the	situation	improves.		Therefore,	the	pairwise	relations	in	larger	superfamiles	are	more	difficult	to	detect,	on	the	whole,	than	those	in	smaller	superfamilies,	in	the	ASTRAL	database.		Why	should	this	be	the	case?		I	do	not	know.					Using	the
bootstrap	procedure	we	can	determine	whether	the	coverage	difference	we	observe	at	a	given	error	rate	is	significant.		The	figure	to	the	right	shows	the	200	CVE	lines	generated	when	we	bootstrap	resample	the	database	200	times.		Overlayed	is	the	Original	CVE	line,	that	is,	the	CVE	line	from	the	unbootstrapped	database.		As	you	can	see,	the
resampled	databases	are	distributed	around	the	original	line.		The	inset	shows	a	histogram	of	the	200	bootstrap	coverage	values	at	1%	error	rate.		If	you	calculate	the	standard	deviation	of	these	values	and	plug	that	into	the	Guassian	formula,	bootstrap	theory	predicts	that	it	should	fit	the	actual	data	pretty	well.		Looks	like	it	does.					This	is	a	figure
showing	how	significant	the	differences	between	these	methods	are.		The	left	axis	is	the	Z-scores	of	a	two	sample	parametric	means	test	between	the	two	methods	using	the	bootstrapped	standard	error.		Generally,	a	Z-score	whose	absolute	value	is	greater	than	2	or	3	means	that	two	values	are	significantly	different.		Therefore,	it	looks	like	SSEARCH
generates	results	that	are	significantly	better	than	the	heuristic	methods.		The	right	axis	is	the	fraction	overlap	between	the	two	bootstrap	distributions.		This	is	a	simple	metric	meant	to	give	a	general	sense	of	how	the	two	bootstrap	distributions	compare.		It	is	generated	by	randomly	drawing	from	one	of	the	200	bootstrap	distributions	of	both
methods	and	checking	which	had	the	greater	coverage.		This	is	repeated	1000	times.		If	the	two	distributions	are	equal,	then	the	randomly	drawn	value	from	either	one	will	be	greater	than	the	randomly	drawn	value	from	the	other	about	half	the	time.		This	would	be	a	fraction	overlap	value	of	0.5.		As	you	can	see,	this	statistic	roughly	mirrors	the	Z-
score	of	the	two-sample	parametric	means	test.							The	datasets	used	in	these	evaluations	derive	from	ASTRAL	and	up	to	date	versions	can	always	be	obtained	there.		You	can	also	get	the	tools	and	datasets	for	sequence	comparison,	as	used	in	"Bootstrapping	and	normalization	for	enhanced	evaluations	of	pairwise	sequence	comparison".					The	CVE
plot	was	introduced	in	"Assessing	sequence	comparison	methods	with	reliable	structurally	identified	distant	evolutionary	relationships".		The	bootstrapping	and	normalization	of	pairwise	comparison	results	is	presented	in	"Bootstrapping	and	normalization	for	enhanced	evaluations	of	pairwise	sequence	comparison".					Georg	Fuellen	put	together	a
very	nice	BioComputing	Hypertext	Coursebook.		It	has	a	chapter	on	pairwise	sequence	alignment.		Keith	Robinson	made	an	introduction	to	sequence	analysis.					My	name	is	Ed	Green	and	I'm	a	grad	student	in	Steven	Brenner's	group.		I'm	in	the	MCB	program	at	UC	Berkeley.		I'm	interested	in	developing	and	evaluating	sequence	analysis	methods	and
understanding	alternative	splicing.		Feel	free	to	email	me	at	ed@compbio.berkeley.edu			A	paired	samples	t-test	is	used	to	compare	the	means	of	two	samples	when	each	observation	in	one	sample	can	be	paired	with	an	observation	in	the	other	sample.	This	tutorial	explains	the	following:	The	motivation	for	performing	a	paired	samples	t-test.	The
formula	to	perform	a	paired	samples	t-test.	The	assumptions	that	should	be	met	to	perform	a	paired	samples	t-test.	An	example	of	how	to	perform	a	paired	samples	t-test.	Paired	Samples	t-test:	Motivation	A	paired	samples	t-test	is	commonly	used	in	two	scenarios:	1.	A	measurement	is	taken	on	a	subject	before	and	after	some	treatment	–	e.g.	the	max
vertical	jump	of	college	basketball	players	is	measured	before	and	after	participating	in	a	training	program.	2.	A	measurement	is	taken	under	two	different	conditions	–	e.g.	the	response	time	of	a	patient	is	measured	on	two	different	drugs.	In	both	cases	we	are	interested	in	comparing	the	mean	measurement	between	two	groups	in	which	each
observation	in	one	sample	can	be	paired	with	an	observation	in	the	other	sample.	Paired	Samples	t-test:	Formula	A	paired	samples	t-test	always	uses	the	following	null	hypothesis:	H0:	μ1	=	μ2	(the	two	population	means	are	equal)	The	alternative	hypothesis	can	be	either	two-tailed,	left-tailed,	or	right-tailed:	H1	(two-tailed):	μ1	≠	μ2	(the	two
population	means	are	not	equal)	H1	(left-tailed):	μ1	<	μ2	(population	1	mean	is	less	than	population	2	mean)	H1	(right-tailed):	μ1>	μ2	(population	1	mean	is	greater	than	population	2	mean)	We	use	the	following	formula	to	calculate	the	test	statistic	t:	t	=	xdiff	/	(sdiff/√n)	where:	xdiff:	sample	mean	of	the	differences	s:	sample	standard	deviation	of	the
differences	n:	sample	size	(i.e.	number	of	pairs)	If	the	p-value	that	corresponds	to	the	test	statistic	t	with	(n-1)	degrees	of	freedom	is	less	than	your	chosen	significance	level	(common	choices	are	0.10,	0.05,	and	0.01)	then	you	can	reject	the	null	hypothesis.	Paired	Samples	t-test:	Assumptions	For	the	results	of	a	paired	samples	t-test	to	be	valid,	the
following	assumptions	should	be	met:	The	participants	should	be	selected	randomly	from	the	population.	The	differences	between	the	pairs	should	be	approximately	normally	distributed.	There	should	be	no	extreme	outliers	in	the	differences.	Paired	Samples	t-test:	Example	Suppose	we	want	to	know	whether	or	not	a	certain	training	program	is	able
to	increase	the	max	vertical	jump	(in	inches)	of	college	basketball	players.	To	test	this,	we	may	recruit	a	simple	random	sample	of	20	college	basketball	players	and	measure	each	of	their	max	vertical	jumps.	Then,	we	may	have	each	player	use	the	training	program	for	one	month	and	then	measure	their	max	vertical	jump	again	at	the	end	of	the	month.
To	determine	whether	or	not	the	training	program	actually	had	an	effect	on	max	vertical	jump,	we	will	perform	a	paired	samples	t-test	at	significance	level	α	=	0.05	using	the	following	steps:	Step	1:	Calculate	the	summary	data	for	the	differences.	xdiff:	sample	mean	of	the	differences	=	-0.95	s:	sample	standard	deviation	of	the	differences	=	1.317
n:	sample	size	(i.e.	number	of	pairs)	=	20	Step	2:	Define	the	hypotheses.	We	will	perform	the	paired	samples	t-test	with	the	following	hypotheses:	H0:	μ1	=	μ2	(the	two	population	means	are	equal)	H1:	μ1	≠	μ2	(the	two	population	means	are	not	equal)	Step	3:	Calculate	the	test	statistic	t.	t	=	xdiff	/	(sdiff/√n)		=	-0.95	/	(1.317/√20)	=	-3.226	Step	4:
Calculate	the	p-value	of	the	test	statistic	t.	According	to	the	T	Score	to	P	Value	Calculator,	the	p-value	associated	with	t	=	-3.226	and	degrees	of	freedom	=	n-1	=	20-1	=	19	is	0.00445.	Step	5:	Draw	a	conclusion.	Since	this	p-value	is	less	than	our	significance	level	α	=	0.05,	we	reject	the	null	hypothesis.	We	have	sufficient	evidence	to	say	that	the	mean
max	vertical	jump	of	players	is	different	before	and	after	participating	in	the	training	program.	Note:	You	can	also	perform	this	entire	paired	samples	t-test	by	simply	using	the	Paired	Samples	t-test	Calculator.	Additional	Resources	The	following	tutorials	explain	how	to	perform	a	paired	samples	t-test	using	different	statistical	programs:	How	to
Perform	a	Paired	Samples	t-Test	in	Excel	How	to	Perform	a	Paired	Samples	t-test	in	SPSS	How	to	Perform	a	Paired	Samples	t-test	in	Stata	How	to	Perform	a	Paired	Samples	t-test	on	a	TI-84	Calculator	How	to	Perform	a	Paired	Samples	t-test	in	R	How	to	Perform	a	Paired	Samples	t-Test	in	Python	How	to	Perform	a	Paired	Samples	t-Test	by	Hand	A
paired	samples	t-test	is	used	to	compare	the	means	of	two	samples	when	each	observation	in	one	sample	can	be	paired	with	an	observation	in	the	other	sample.	This	tutorial	explains	the	following:	The	motivation	for	performing	a	paired	samples	t-test.	The	formula	to	perform	a	paired	samples	t-test.	The	assumptions	that	should	be	met	to	perform	a
paired	samples	t-test.	An	example	of	how	to	perform	a	paired	samples	t-test.	Paired	Samples	t-test:	Motivation	A	paired	samples	t-test	is	commonly	used	in	two	scenarios:	1.	A	measurement	is	taken	on	a	subject	before	and	after	some	treatment	–	e.g.	the	max	vertical	jump	of	college	basketball	players	is	measured	before	and	after	participating	in	a
training	program.	2.	A	measurement	is	taken	under	two	different	conditions	–	e.g.	the	response	time	of	a	patient	is	measured	on	two	different	drugs.	In	both	cases	we	are	interested	in	comparing	the	mean	measurement	between	two	groups	in	which	each	observation	in	one	sample	can	be	paired	with	an	observation	in	the	other	sample.	Paired	Samples
t-test:	Formula	A	paired	samples	t-test	always	uses	the	following	null	hypothesis:	H0:	μ1	=	μ2	(the	two	population	means	are	equal)	The	alternative	hypothesis	can	be	either	two-tailed,	left-tailed,	or	right-tailed:	H1	(two-tailed):	μ1	≠	μ2	(the	two	population	means	are	not	equal)	H1	(left-tailed):	μ1	<	μ2	(population	1	mean	is	less	than	population	2
mean)	H1	(right-tailed):	μ1>	μ2	(population	1	mean	is	greater	than	population	2	mean)	We	use	the	following	formula	to	calculate	the	test	statistic	t:	t	=	xdiff	/	(sdiff/√n)	where:	xdiff:	sample	mean	of	the	differences	s:	sample	standard	deviation	of	the	differences	n:	sample	size	(i.e.	number	of	pairs)	If	the	p-value	that	corresponds	to	the	test	statistic	t
with	(n-1)	degrees	of	freedom	is	less	than	your	chosen	significance	level	(common	choices	are	0.10,	0.05,	and	0.01)	then	you	can	reject	the	null	hypothesis.	Paired	Samples	t-test:	Assumptions	For	the	results	of	a	paired	samples	t-test	to	be	valid,	the	following	assumptions	should	be	met:	The	participants	should	be	selected	randomly	from	the
population.	The	differences	between	the	pairs	should	be	approximately	normally	distributed.	There	should	be	no	extreme	outliers	in	the	differences.	Paired	Samples	t-test:	Example	Suppose	we	want	to	know	whether	or	not	a	certain	training	program	is	able	to	increase	the	max	vertical	jump	(in	inches)	of	college	basketball	players.	To	test	this,	we	may
recruit	a	simple	random	sample	of	20	college	basketball	players	and	measure	each	of	their	max	vertical	jumps.	Then,	we	may	have	each	player	use	the	training	program	for	one	month	and	then	measure	their	max	vertical	jump	again	at	the	end	of	the	month.	To	determine	whether	or	not	the	training	program	actually	had	an	effect	on	max	vertical	jump,
we	will	perform	a	paired	samples	t-test	at	significance	level	α	=	0.05	using	the	following	steps:	Step	1:	Calculate	the	summary	data	for	the	differences.	xdiff:	sample	mean	of	the	differences	=	-0.95	s:	sample	standard	deviation	of	the	differences	=	1.317	n:	sample	size	(i.e.	number	of	pairs)	=	20	Step	2:	Define	the	hypotheses.	We	will	perform	the
paired	samples	t-test	with	the	following	hypotheses:	H0:	μ1	=	μ2	(the	two	population	means	are	equal)	H1:	μ1	≠	μ2	(the	two	population	means	are	not	equal)	Step	3:	Calculate	the	test	statistic	t.	t	=	xdiff	/	(sdiff/√n)		=	-0.95	/	(1.317/√20)	=	-3.226	Step	4:	Calculate	the	p-value	of	the	test	statistic	t.	According	to	the	T	Score	to	P	Value	Calculator,	the	p-
value	associated	with	t	=	-3.226	and	degrees	of	freedom	=	n-1	=	20-1	=	19	is	0.00445.	Step	5:	Draw	a	conclusion.	Since	this	p-value	is	less	than	our	significance	level	α	=	0.05,	we	reject	the	null	hypothesis.	We	have	sufficient	evidence	to	say	that	the	mean	max	vertical	jump	of	players	is	different	before	and	after	participating	in	the	training	program.
Note:	You	can	also	perform	this	entire	paired	samples	t-test	by	simply	using	the	Paired	Samples	t-test	Calculator.	Additional	Resources	The	following	tutorials	explain	how	to	perform	a	paired	samples	t-test	using	different	statistical	programs:	How	to	Perform	a	Paired	Samples	t-Test	in	Excel	How	to	Perform	a	Paired	Samples	t-test	in	SPSS	How	to
Perform	a	Paired	Samples	t-test	in	Stata	How	to	Perform	a	Paired	Samples	t-test	on	a	TI-84	Calculator	How	to	Perform	a	Paired	Samples	t-test	in	R	How	to	Perform	a	Paired	Samples	t-Test	in	Python	How	to	Perform	a	Paired	Samples	t-Test	by	Hand	In	statistics,	there	are	two	types	of	two	sample	t-tests:	Paired	t-test:	Used	to	compare	the	means	of	two
samples	when	each	individual	in	one	sample	also	appears	in	the	other	sample.	Unpaired	t-test:	Used	to	compare	the	means	of	two	samples	when	each	individual	in	one	sample	is	independent	of	every	individual	in	the	other	sample.	Note:	An	unpaired	t-test	is	more	commonly	called	an	independent	samples	t-test.	For	example,	suppose	a	professor	wants
to	determine	whether	or	not	two	different	studying	techniques	lead	to	different	mean	exam	scores.	To	perform	a	paired	t-test,	he	could	recruit	10	students	and	have	them	use	one	studying	technique	for	one	month	and	take	an	exam,	then	have	them	use	the	second	studying	technique	for	one	month	and	take	another	exam	of	equal	difficulty.	Here’s
what	the	data	would	look	like:	Since	each	student	appears	in	each	group,	the	professor	would	perform	a	paired	t-test	to	determine	if	the	mean	scores	are	different	between	the	two	groups.	To	perform	an	unpaired	t-test,	he	could	recruit	20	total	students	and	randomly	split	them	into	two	groups	of	10.	He	could	assign	one	group	to	use	one	studying
technique	for	one	month	and	assign	the	other	group	to	use	the	second	studying	technique	for	one	month	and	have	all	students	take	the	same	exam.	Here’s	what	the	data	would	look	like:	Since	the	students	in	one	group	are	completely	independent	of	the	students	in	the	other	group,	the	professor	would	perform	an	unpaired	t-test	to	determine	if	the
mean	scores	are	different	between	the	two	groups.	Assumptions	Paired	and	unpaired	t-tests	both	make	the	following	assumptions:	The	data	in	both	samples	was	obtained	using	a	random	sampling	method.	The	data	in	both	samples	should	be	roughly	normally	distributed.	There	should	be	no	extreme	outliers	in	either	sample.	These	assumptions	should
be	checked	before	performing	either	t-test	to	ensure	that	the	results	of	the	test	are	reliable.	Pros	&	Cons	The	paired	t-test	offers	the	following	pros:	A	smaller	sample	size	is	required.	Notice	that	the	paired	t-test	in	the	previous	example	only	required	10	total	students	while	the	unpaired	t-test	required	20	total	students.	Each	sample	contains
individuals	with	the	same	characteristics.	The	two	groups	are	guaranteed	to	have	individuals	with	equal	ability,	intellect,	etc.	because	the	same	individuals	appear	in	each	group.	However,	a	paired	t-test	comes	with	the	following	potential	cons:	The	potential	for	sample	size	reduction.	If	an	individual	drops	out	of	the	study,	the	sample	size	of	each
group	is	reduced	by	one	since	that	individual	appears	in	each	group.	The	potential	for	order	effects.	Order	effects	refer	to	differences	in	outcomes	between	the	two	groups	due	to	the	order	that	treatments	were	presented	to	individuals.	For	example,	an	individual	may	score	higher	on	the	second	exam	simply	due	to	the	fact	that	they	improved	their
exam-taking	abilities	rather	than	due	to	the	studying	technique.	Keep	these	pros	and	cons	in	mind	when	deciding	to	use	a	paired	vs.	unpaired	t-test.	Additional	Resources	Check	out	the	following	tutorials	to	gain	a	better	understanding	of	paired	t-tests:	And	use	the	following	tutorials	to	gain	a	better	understanding	of	unpaired	t-tests	(AKA	independent
samples	t-tests):	The	paired	t-test	is	a	method	used	to	test	whether	the	mean	difference	between	pairs	of	measurements	is	zero	or	not.	When	can	I	use	the	test?	You	can	use	the	test	when	your	data	values	are	paired	measurements.	For	example,	you	might	have	before-and-after	measurements	for	a	group	of	people.	Also,	the	distribution	of	differences
between	the	paired	measurements	should	be	normally	distributed.	What	are	some	other	names	for	the	paired	t-test?	The	paired	t-test	is	also	known	as	the	dependent	samples	t-test,	the	paired-difference	t-test,	the	matched	pairs	t-test	and	the	repeated-samples	t-test.	What	if	my	data	isn’t	nearly	normally	distributed?	If	your	sample	sizes	are	very	small,
you	might	not	be	able	to	test	for	normality.	You	might	need	to	rely	on	your	understanding	of	the	data.	Or,	you	can	perform	a	nonparametric	test	that	doesn’t	assume	normality.	To	apply	the	paired	t-test	to	test	for	differences	between	paired	measurements,	the	following	assumptions	need	to	hold:	Subjects	must	be	independent.	Measurements	for	one
subject	do	not	affect	measurements	for	any	other	subject.	Each	of	the	paired	measurements	must	be	obtained	from	the	same	subject.	For	example,	the	before-and-after	weight	for	a	smoker	in	the	example	above	must	be	from	the	same	person.	The	measured	differences	are	normally	distributed.	Paired	t-test	example	An	instructor	wants	to	use	two
exams	in	her	classes	next	year.	This	year,	she	gives	both	exams	to	the	students.	She	wants	to	know	if	the	exams	are	equally	difficult	and	wants	to	check	this	by	looking	at	the	differences	between	scores.	If	the	mean	difference	between	scores	for	students	is	“close	enough”	to	zero,	she	will	make	a	practical	conclusion	that	the	exams	are	equally	difficult.
Here	is	the	data:	Table	1:	Exam	scores	for	each	student	Student	Exam	1	Score	Exam	2	Score	Difference	If	you	look	at	the	table	above,	you	see	that	some	of	the	score	differences	are	positive	and	some	are	negative.	You	might	think	that	the	two	exams	are	equally	difficult.	Other	people	might	disagree.	The	statistical	test	gives	a	common	way	to	make
the	decision,	so	that	everyone	makes	the	same	decision	on	the	same	data.	Checking	the	data	Let’s	start	by	answering:	Is	the	paired	t-test	an	appropriate	method	to	evaluate	the	difference	in	difficulty	between	the	two	exams?	Subjects	are	independent.	Each	student	does	their	own	work	on	the	two	exams.	Each	of	the	paired	measurements	are	obtained
from	the	same	subject.	Each	student	takes	both	tests.	The	distribution	of	differences	is	normally	distributed.	For	now,	we	will	assume	this	is	true.	We	will	test	this	later.	We	decide	that	we	have	selected	a	valid	analysis	method.	Before	jumping	into	the	analysis,	we	should	plot	the	data.	The	figure	below	shows	a	histogram	and	summary	statistics	for	the
score	differences.	Figure	1:	Histogram	and	summary	statistics	for	the	difference	in	test	scores	From	the	histogram,	we	see	that	there	are	no	very	unusual	points,	or	outliers.	The	data	are	roughly	bell-shaped,	so	our	idea	of	a	normal	distribution	for	the	differences	seems	reasonable.	From	the	statistics,	we	see	that	the	average,	or	mean,	difference	is
1.3.	Is	this	“close	enough”	to	zero	for	the	instructor	to	decide	that	the	two	exams	are	equally	difficult?	Or	not?	How	to	perform	the	paired	t-test	We'll	further	explain	the	principles	underlying	the	paired	t-test	in	the	Statistical	Details	section	below,	but	let's	first	proceed	through	the	steps	from	beginning	to	end.	We	start	by	calculating	our	test	statistic.
To	accomplish	this,	we	need	the	average	difference,	the	standard	deviation	of	the	difference	and	the	sample	size.	These	are	shown	in	Figure	1	above.	(Note	that	the	statistics	are	rounded	to	two	decimal	places	below.	Software	will	usually	display	more	decimal	places	and	use	them	in	calculations.)	The	average	score	difference	is:	$	\overline{x_d}	=
1.31	$	Next,	we	calculate	the	standard	error	for	the	score	difference.	The	calculation	is:	$	\text{Standard	Error}	=	\frac{s_d}{\sqrt{n}}	=	\frac{7.00}{\sqrt{16}}	=	\frac{7.00}{4}	=	1.75	$	In	the	formula	above,	n	is	the	number	of	students	–	which	is	the	number	of	differences.	The	standard	deviation	of	the	differences	is	sd.	We	now	have	the	pieces
for	our	test	statistic.	We	calculate	our	test	statistic	as:	$	t	=	\dfrac{\text{Average	difference}}{\text{Standard	Error}}	=	\frac{1.31}{1.75}	=	0.750	$	To	make	our	decision,	we	compare	the	test	statistic	to	a	value	from	the	t-	distribution.	This	activity	involves	four	steps:	We	decide	on	the	risk	we	are	willing	to	take	for	declaring	a	difference	when
there	is	not	a	difference.	For	the	exam	score	data,	we	decide	that	we	are	willing	to	take	a	5%	risk	of	saying	that	the	unknown	mean	exam	score	difference	is	zero	when	in	reality	it	is	not.	In	statistics-speak,	we	set	the	significance	level,	denoted	by	α,	to	0.05.	It's	a	good	practice	to	make	this	decision	before	collecting	the	data	and	before	calculating	test
statistics.	We	calculate	a	test	statistic.	Our	test	statistic	is	0.750.	We	find	the	value	from	the	t-distribution.	Most	statistics	books	have	look-up	tables	for	the	distribution.	You	can	also	find	tables	online.	The	most	likely	situation	is	that	you	will	use	software	for	your	analysis		and	will	not	use	printed	tables.To	find	this	value,	we	need	the	significance	level
(α	=	0.05)	and	the	degrees	of	freedom.	The	degrees	of	freedom	(df)	are	based	on	the	sample	size.	For	the	exam	score	data,	this	is:$	df	=	n	-	1	=	16	-	1	=	15	$The	t	value	with	α	=	0.05	and	15	degrees	of	freedom	is	2.131.	We	compare	the	value	of	our	statistic	(0.750)	to	the	t	value.	Because	0.750	<	2.131,	we	cannot	reject	our	idea	that	the	mean	score
difference	is	zero.	We	make	a	practical	conclusion	to	consider	exams	as	equally	difficult.	Statistical	details	Let’s	look	at	the	exam	score	data	and	the	paired	t-test	using	statistical	terms.	Our	null	hypothesis	is	that	the	population	mean	of	the	differences	is	zero.	The	null	hypothesis	is	written	as:	$	H_o:		\mathrm{\mu_d}	=	0	$	The	alternative	hypothesis
is	that	the	population	mean	of	the	differences	is	not	zero.	This	is	written	as:	$	H_o:		\mathrm{\mu_d}	eq	0	$	We	calculate	the	standard	error	as:	$	Standard	Error	=	\frac{s_d}{\sqrt{n}}	$	The	formula	shows	the	sample	standard	deviation	of	the	differences	as	sd	and	the	sample	size	as	n.	The	test	statistic	is	calculated	as:	$	t	=	\frac{\mathrm{\mu_d}}
{\frac{s}{\sqrt{n}}}	$	We	compare	the	test	statistic	to	a	t	value	with	our	chosen	alpha	value	and	the	degrees	of	freedom	for	our	data.	In	our	exam	score	data	example,	we	set	α	=	0.05.	The	degrees	of	freedom	(df)	are	based	on	the	sample	size	and	are	calculated	as:	$	df	=	n	-	1	=	16	-	1	=	15	$	Statisticians	write	the	t	value	with	α	=	0.05	and	15
degrees	of	freedom	as:	$	t_{0.05,15}	$	The	t	value	with	α	=	0.05	and	15	degrees	of	freedom	is	2.131.	There	are	two	possible	results	from	our	comparison:	The	test	statistic	is	lower	than	the	t	value.	You	fail	to	reject	the	hypothesis	that	the	mean	difference	is	zero.	The	practical	conclusion	made	by	the	instructor	is	that	the	two	tests	are	equally	difficult.
Next	year,	she	can	use	both	exams	and	give	half	the	students	one	exam	and	half	the	other	exam.	The	test	statistic	is	higher	than	the	t	value.	You	reject	the	hypothesis	that	the	mean	difference	is	zero.	The	practical	conclusion	made	by	the	instructor	is	that	the	tests	are	not	of	equal	difficulty.	She	must	use	the	same	exam	for	all	students.	Testing	for
normality	The	normality	assumption	is	more	important	for	small	sample	sizes	than	for	larger	sample	sizes.	Normal	distributions	are	symmetric,	which	means	they	are	equal	on	both	sides	of	the	center.	Normal	distributions	do	not	have	extreme	values,	or	outliers.	You	can	check	these	two	features	of	a	normal	distribution	with	graphs.	Earlier,	we
decided	that	the	distribution	of	exam	score	differences	were	“close	enough”	to	normal	to	go	ahead	with	the	assumption	of	normality.	The	figure	below	shows	a	normal	quantile	plot	for	the	data	and	supports	our	decision.	Figure	2:	Normal	quantile	plot	for	exam	data	You	can	also	perform	a	formal	test	for	normality	using	software.	Figure	3	below	shows
results	of	testing	for	normality	with	JMP.	We	test	the	distribution	of	the	score	differences.	We	cannot	reject	the	hypothesis	of	a	normal	distribution.	We	can	go	ahead	with	the	paired	t​-test.	Figure	3:	Testing	for	normality	in	JMP	software	What	if	my	data	are	not	from	a	normal	distribution?	If	your	sample	size	is	very	small,	it	is	hard	to	test	for	normality.
In	this	situation,	you	need	to	use	your	understanding	of	the	measurements.	For	example,	for	the	test	scores	data,	the	instructor	knows	that	the	underlying	distribution	of	score	differences	is	normally	distributed.	Even	for	a	very	small	sample,	the	instructor	would	likely	go	ahead	with	the	t-test	and	assume	normality.	What	if	you	know	the	underlying
measurements	are	not	normally	distributed?	Or	what	if	your	sample	size	is	large	and	the	test	for	normality	is	rejected?	In	this	situation,	you	can	use	nonparametric	analyses.	These	types	of	analyses	do	not	depend	on	an	assumption	that	the	data	values	are	from	a	specific	distribution.	For	the	paired	t	​-test,	a	nonparametric	test	is	the	Wilcoxon	signed-
rank	test.	Understanding	p-values	Using	a	visual,	you	can	check	to	see	if	your	test	statistic	is	a	more	extreme	value	in	the	distribution.	The	t-	distribution	is	similar	to	a	normal	distribution.	The	figure	below	shows	a	t-	distribution	with	15	degrees	of	freedom.	Figure	4:	t-distribution	with	15	degrees	of	freedom	and	α	=	0.05	Since	our	test	is	two-sided
and	we	set	α	=	0.05,	the	figure	shows	that	the	value	of	2.131	“cuts	off”	2.5%	of	the	data	in	each	of	the	two	tails.	Only	5%	of	the	data	overall	is	further	out	in	the	tails	than	2.131.	Figure	5	shows	where	our	result	falls	on	the	graph.	You	can	see	that	the	test	statistic	(0.75)	is	not	far	enough	“out	in	the	tail”	to	reject	the	hypothesis	of	a	mean	difference	of
zero.	Figure	5:	Results	of	t-test	–	test	statistic	is	smaller	than	|2.131|	Putting	it	all	together	with	software	To	perform	the	paired	t-test	in	the	real	world,	you	are	likely	to	use	software	most	of	the	time.	The	figure	below	shows	results	for	the	paired	t-test	for	the	exam	score	data	using	JMP.	Figure	6:	Paired	t-test	results	for	exam	score	data	using	JMP
software	The	software	shows	results	for	a	two-sided	test	(Prob	>	|t|)	and	for	one-sided	tests.	The	two-sided	test	is	what	we	want.	Our	null	hypothesis	is	that	the	mean	difference	between	the	paired	exam	scores	is	zero.	Our	alternative	hypothesis	is	that	the	mean	difference	is	not	equal	to	zero.	The	software	shows	a	p-value	of	0.4650	for	the	two-sided
test.	This	means	that	the	likelihood	of	seeing	a	sample	average	difference	of	1.31	or	greater,	when	the	underlying	population	mean	difference	is	zero,	is	about	47	chances	out	of	100.	We	feel	confident	in	our	decision	not	to	reject	the	null	hypothesis.	The	instructor	can	go	ahead	with	her	plan	to	use	both	exams	next	year,	and	give	half	the	students	one
exam	and	half	the	other	exam.	You	will	learn	the	pivotal	role	of	the	paired	t-test	in	enhancing	scientific	integrity	and	data	analysis	precision.	The	paired	t-test	is	a	statistical	tool	of	precision	employed	to	discern	the	effect	of	an	intervention	by	comparing	two	sets	of	observations	from	the	same	subjects	under	different	conditions.	Its	importance	in
research	is	profound,	offering	insights	into	the	efficacy	of	treatments,	the	impact	of	educational	programs,	and	more.	Beyond	its	functional	application,	the	paired	samples	t-test	is	a	testament	to	the	scientific	method,	ensuring	that	findings	are	not	merely	accidental	but	a	reflection	of	reality.	It	stands	as	an	analytical	ally	in	the	noble	pursuit	of
empirical	truth,	enabling	researchers	to	confidently	make	conclusions	and	contribute	to	the	collective	scientific	narrative	that	aims	to	reveal	the	inherent	order	and	harmony	of	the	natural	world.	In	statistical	analysis,	the	paired	t-test	can	provide	a	means	to	weave	data	threads	into	a	coherent	story	about	the	effectiveness	of	a	new	drug,	the
improvement	of	students’	scores,	or	any	scenario	where	‘before	and	after’	are	of	the	essence.	Controlling	for	individual	variability	offers	a	focused	lens	through	which	changes	are	observed,	quantified,	and	validated,	paving	the	way	for	significant	advancements.	This	guide	invites	you	to	explore	the	intricacies	of	the	paired	samples	t-test,	from	its
theoretical	foundations	to	practical	applications,	ensuring	a	comprehensive	understanding	that	extends	beyond	numbers	into	the	realm	of	ethical	and	impactful	rese	Highlights	Increased	Sensitivity:	The	paired	samples	t-test	uniquely	reduces	variability	between	measures,	enhancing	the	sensitivity	and	precision	of	statistical	analyses.	Assumptions
Clarified:	The	paired	t-test,	essential	for	accurate	application,	assumes	normally	distributed	differences	between	paired	observations,	underpinning	its	reliability.	Diverse	Applications:	Case	studies	demonstrate	that	its	utility	spans	multiple	disciplines,	such	as	medicine,	showcasing	the	test’s	role	in	evaluating	treatment	efficacy.	Guided	Execution:
Comprehensive	guidance	on	performing	the	paired	t-test	in	statistical	software	like	R,	ensuring	methodological	soundness	and	data	integrity.	Avoiding	Pitfalls:	This	section	provides	practical	tips	for	navigating	common	errors	in	conducting	and	interpreting	paired	t-tests,	fostering	robust	and	ethical	statistical	practices.	Ad	description.	Lorem	ipsum
dolor	sit	amet,	consectetur	adipiscing	elit.	The	paired	t-test	operates	on	the	premise	that	each	subject	has	control,	forming	the	basis	for	its	theoretical	underpinnings.	This	test	compares	two	related	samples	by	analyzing	their	mean	differences,	assuming	the	paired	differences	follow	a	normal	distribution.	In	essence,	it	evaluates	whether	the	mean
difference	between	pairs	of	observations	is	statistically	different	from	zero,	suggesting	no	effect	or	change.	The	assumptions	of	the	paired	t-test	are	critical	for	its	valid	application.	These	include	supposing	that	the	differences	within	pairs	are	identically	distributed	and	independent	across	pairs.	These	differences	are	derived	from	a	normally
distributed	population	with	unknown	but	equal	variances.	Such	assumptions	are	not	merely	technicalities;	they	are	the	framework	that	ensures	the	reliability	of	the	test	results.	When	contemplating	paired	comparisons,	one	can	observe	the	beauty	of	statistical	symmetry	at	play.	The	paired	t-test	harnesses	the	intrinsic	link	between	paired
observations,	effectively	controlling	for	variability	that	might	obscure	the	true	effect	being	measured.	By	focusing	on	the	differences	within	each	pair,	the	paired	samples	t-test	mitigates	the	impact	of	confounding	variables,	allowing	for	a	more	precise	measure	of	the	effect.	The	concept	of	paired	differences	is	fundamental	in	various	applications,	such
as	in	medical	studies	where	the	impact	of	a	new	treatment	is	assessed	by	comparing	patient	outcomes	before	and	after	the	treatment.	Such	comparisons	exemplify	the	balance	and	symmetry	the	paired	t-test	seeks	to	achieve,	ensuring	that	the	observed	effects	are	due	to	the	treatment	and	not	external	factors.	The	paired	t-test	is	a	critical	instrument
across	various	scientific	fields,	demonstrating	its	adaptability	and	significance	in	research.	In	medicine,	it	is	commonly	used	to	analyze	the	effectiveness	of	a	new	treatment	by	comparing	patient	health	metrics	before	and	after	the	intervention.	The	test’s	ability	to	match	each	patient	to	themselves	as	a	control	minimizes	the	variability	arising	from
individual	differences,	thereby	providing	a	clearer	picture	of	the	treatment’s	impact.	The	paired	samples	t-test	is	utilized	in	psychology	to	evaluate	behavioral	changes	or	cognitive	function	following	experimental	interventions.	For	instance,	assessing	the	efficacy	of	cognitive-behavioral	therapy	on	anxiety	levels	before	and	after	treatment	can	be
accomplished	using	this	method,	helping	to	ascertain	the	true	psychological	benefits	of	such	interventions.	Educational	research	also	benefits	from	the	paired	t-test.	It	can	measure	the	outcomes	of	pedagogical	strategies	by	comparing	student	performance	on	a	subject	before	and	after	a	particular	teaching	method	is	implemented.	This	method	allows
educators	to	critically	assess	and	refine	their	teaching	practices	based	on	empirical	evidence.	Performing	a	paired	t-test	involves	a	series	of	methodical	steps	that	begin	with	collecting	paired	data	and	culminate	in	interpreting	the	statistical	output.	Here	is	a	structured	guide	on	conducting	a	paired	samples	t-test	using	R,	focused	on	integrity	and
accurate	representation	of	data:	Gather	paired	data	from	two	sets	of	related	measurements,	such	as	blood	pressure	readings	before	and	after	a	medical	intervention	on	the	same	individuals.	Ensure	the	data	is	clean,	matched,	and	without	outliers	that	may	skew	the	results.	Load	your	data	into	R,	structuring	it	in	two	columns	representing
the	‘before’	and	‘after’	conditions,	with	each	row	corresponding	to	a	matched	pair.	Use	the	‘t.test()’	function	to	perform	the	paired	t-test.	An	example	command	is	‘t.test(before,	after,	paired	=	TRUE)’,	where	‘before’	and	‘after’	are	your	data	vectors.	The	output	will	include	the	t-statistic	and	the	p-value,	essential	for	interpreting	the	results.	#	Paired	t-
test	in	R	#	Assuming	'before'	and	'after'	are	your	vectors	of	paired	observations	#	Perform	the	paired	t-test	t_test_results	\	t)\)				(upper-tailed)	\(p\	=\	Pr(T\


